Natural convection from a stack of isothermal solid horizontal cylinders has been investigated numerically in a three dimensional computational domain. Simulations were conducted in both laminar and turbulent flow regimes of Rayleigh number (Ra) spanning in the range (10 4 ≤Ra≤10 8 ) and (10 10 ≤Ra≤10 13 ), respectively. In the present study, the length to diameter ratio of the cylinders has been varied in the range 0.5 to 20. Three different stack arrangements were considered for the numerical simulations by arranging three, six and ten number of cylinders in a triangular manner. The present computational study is able to appraise very interesting thermo-buoyant plume structures around the stack of cylinders. The average Nusselt number (Nu) shows a positive dependence on Ra for all L/D. The average Nu for a stack of three-cylinders is marginally higher than that of six-cylinders followed by ten-cylinders. Furthermore, at a particular Ra, Nu is significantly higher for short cylinders (low L/D) and decreases with increase in L/D up to 10 or 15 and remain constant for long cylinders.
Introduction
In many relevant physical situations, natural convection plays an indispensable role due to its passive nature and more significantly due to the absence of mechanical drive components. It makes the system more reliable, noise-free and reduces the extra power consumption to drive the flow. Natural convection heat transfer has numerous engineering applications in many industries as well as in real life practical situations. Natural convection cooling of heated horizontal cylinder or stack of heated cylinders has been a challenging topic in steel industries, where the present work is mostly intended 2 for. Natural convection from horizontal solid cylinders has been extensively investigated by various researchers in the recent past. However, the available literature is almost nil for cylinders arranged in a stack and relatively less for multiple cylinders. A brief review on free convection from single and multiple solid horizontal cylinders is given here.
Natural convection heat transfer from a horizontal solid cylinder has been studied by Churchill and Chu [1] and their correlated expression for average Nu was found to be the most sited one. This correlation is the most referred one in the present days and also used for validation of the present numerical procedure. Three dimensional natural convection from an isothermal horizontal cylinder was investigated numerically by Acharya and Dash [2] , which can be taken to be the most recent. The effect of Ra and L/D on heat transfer has been discussed in their work. For the entire range of L/D and Ra, the Nu for a single cylinder suspended in air was found to be higher than placed on the ground.
Farouk and Guceri [3] , numerically and theoretically studied laminar heat transfer from horizontal cylinders. The results were validated with the numerical results of Kuehn and Goldstein [4] and it was found that the Nu decreases along downstream of the cylinder. Farouk and Guceri [5] implemented the ( − ) turbulence model in the turbulent natural convection from a horizontal isothermal solid cylinder. The numerical results were compared with Churchill and Chu [1] and Kuehn & Goldstein [4] . Acharya and Dash [6] numerically investigated the free convection heat transfer from an external longitudinal finned hollow horizontal cylinder for Rayleigh number spanning in the laminar range of 10 4 to 10 7 by varying the parameters like L/D ratio of the cylinder, spacing between the fins and height of the fins. Kimura and Pop [7] theoretically and numerically studied the conjugate natural convection from a horizontal circular cylinder to demonstrate the effect of conduction in the core region on the natural convection from the cylinder surface. An approximate analytical solution has also been performed in their study. Laminar natural convection from a thick hollow horizontal cylinder placed on ground has been numerically investigated by Dash and Dash [8] by varying the length to outer diameter ratio (L/D) and inner to outer diameter ratio (d/D) in the range from 0.2-20 and 0.4-0.9, respectively. In their study, the average Nu was found to decrease with increase in thickness of the hollow cylinder at low L/D whereas, it was found to increase at higher L/D.
Research on multiple horizontal solid cylinders was started in 1991 by Paykoc et al. [9] . In their work, free convection from a pair of vertically placed horizontal solid cylinders was investigated theoretically and experimentally. Bejan et al. [10] analytically, numerically, and experimentally studied the laminar natural convection from an array of horizontal cylinders to investigate the optimal spacing. Computational study on free convection from a horizontal cylinder has been investigated by Cianfrini et al. [11] in laminar flow with the presence of another cylinder at downstream. The phenomena of natural convection from the staggered arrangement of twin horizontal cylinders were 3 demonstrated experimentally and numerically by Heo et al. [12] in both laminar and turbulent flow regimes. Owing to preheating and side-flow effects on the thermal plume, the heat transfer rate of the upper cylinder were greatly affected by the presence of the bottom cylinder. Yuan et al. [13] numerically investigated free convection in a horizontal concentric annuli of different inner shapes to investigate the momentum and heat transfer characteristics including the thermal radiation.
Numerical investigation of free convection from a pair of two vertically placed isothermal cylinders was studied by Pelletier et al. [14] by considering water as the working medium. The heat loss from the top cylinder was found to be strongly influenced by the induced thermo-buoyant plume by the lower cylinder in their study. Natural convection from a vertical array of heated horizontal cylinders was numerically studied by Yu et al. [15] in molten salt nanofluids by varying the number of cylinders from 2 to 8 and pitches in the range 5 to 10. Interactive laminar free convection from two vertically separated isothermal horizontal cylinders has been numerically studied by Park and Chang [16] at Pr=0. 7 and Ra in the intermediate laminar range spanning from 10 4 to 10 5 . The temperature imbalance ratio between the cylinders has also been presented for inter-cylinder spacing in the range of 2 to 4.
Liu et al. [17] numerically studied natural convection heat transfer from two attached horizontal cylinders (placed horizontally) in laminar range of Ra spanning over 10 to 10 5 . The results were shown pictorially by streamlines and isotherms as well as the effect of Rayleigh number on local Nusselt number and local drag coefficients. Similar investigations on natural convection from two horizontal cylinders attached in a vertical plane has been done by Liu et al. [18] in an air medium. The results were compared with a single cylinder and it was found that owing to the interactions of their thermal plumes, the average Nusselt number for both the cylinders has been reduced compared to a single cylinder. Rath and Dash [19] numerically studied the two-dimensional natural convection from a stack of horizontal cylinders in both laminar and turbulent flow regimes which were valid for very long horizontal cylinders. Most recently, a three-dimensional numerical investigation on natural convection from a stack of thin hollow horizontal cylinders has been conducted by Rath and Dash [20] .
Simulations were conducted in both laminar and turbulent flow regimes by varying Ra and L/D ratio of the cylinders to demonstrate the momentum and heat transfer characteristics from the inner surface of the cylinders. Whereas, the end effects for a stack of extremely thick hollow cylinders or stack of solid cylinders (i.e. steel rolls in steel industries) with varying L/D ratio are not reported in the literature so far.
The present study is inspired in the direction of three dimensional natural convection cooling of solid cylinders arranged horizontally in a stack which are commonly seen in the bay of steel industries as shown in Fig. 1 . This present study is an extension of the simulations proposed by Rath 4 and Dash [19, 20] 
Problem Description
The objective of the present work is to conduct a numerical study on natural convection from a stack of short or long horizontal cylinders. Hence, the numerical simulations are planned to perform in a 3D
computational domain, where cylinders of three, six or ten in numbers were arranged horizontally in a stack which are the commonly found stack structures in the bay. The height (H), width (W) and length (Z) of the 3D rectangular computational domain are considered in terms of the characteristics length scale (LC). In the present study, the stack height is taken as the characteristic length (LC). In the 3D computational domain, the bottom surface is considered to be an adiabatic wall and the other five faces are treated as unconfined open boundaries.
Gravity acts along the negative y-direction. For the present numerical simulations, length to diameter 
Mathematical Modelling

Assumptions:
In the present numerical study, the flow around the stack is assumed to be steady, incompressible, and buoyancy-driven. Radiation heat transfer and viscous dissipation are neglected in this study. Density is assumed to be constant in all the governing equations except in the body force term, where the temperature dependent density that drives the flow in natural convection is captured by taking Boussinesq approximation into account.
Reynolds averaged Navier-Stokes (RANS) equations were employed for turbulent analysis and standard k -ε model was used to calculate the turbulent viscosity ( ) in the present study.
Governing Equations:
Based on the aforementioned assumptions, the governing conservation equations for the present numerical investigation are written in their tensorial form as follows: 
Momentum Equations: 
Turbulent eddy viscosity ( ) cab be defined as:
In equations (6) and (7), GK and Gb represent the generation of turbulent kinetic energy due to mean velocity gradient and buoyancy effect, respectively.
The values of all the constants in equations (5), (6), and (7) 
In the present study, for turbulent flow simulations, the k and ε equations (6) and (7) are solved along with the conservation governing equations (2-4), whereas for laminar flow simulations, the 7 turbulent quantities are simply neglected by assigning a zero value to the turbulent viscosity ( ).
Since the objective is to compute an overall Nusselt number for the stack of solid cylinders in steady state, so the temperature solution within the solid cylinder may not be solved for. Hence, we have not done that here rather by specifying the surface temperature to be constant one can arrive at a flow and temperature field which can provide the Nusselt number for the stack.
Near Wall Function:
According to the law of the wall, the mean velocity of turbulent flow at a certain point is proportional to the log of the distance between the wall and that point.
Where, E = empirical constant = 9. In the present study of turbulent flow analysis, the "Scalable wall function" model has been implemented for interlinking the variables of k and  to the wall surface which is found to be the most suitable one. The limiting value of y* in "Scalable wall function" model is 11.225 and calculated as:
Boundary Conditions:
The boundary conditions which are imposed to the computational domain as shown in Figure 2 (for solving the governing equations) are summarized below with their mathematical expression.
On the cylinder surfaces:
The lateral surface along with the end surfaces of the cylinders are assigned as wall boundaries with no slip and no penetration conditions in addition to isothermal boundary condition.
0 and
The bottom surface of the domain: The adiabatic wall boundary condition along with no slip and no penetration conditions are imposed on the bottom flat surface over which the cylinders are placed by considering the earth surface as a non-conducting surface.
0 and 0
At the outer boundaries: Pressure outlet boundary condition is imposed on all the five outer faces of the computational domain (four side faces and the top face).
 
(zerogauge) and e backflow temp rature
At symmetry: A reflective symmetry condition is imposed on the longitudinal cross-sectional plane of the stack as shown in Figure 3 .
0, 0 and 0
Geometrical Parameters & Thermo-physical Properties
In the present study, constant thermo-physical properties of air are considered at the mean temperature (Tm). All the geometrical parameters and fluid properties which are implemented in the present numerical simulations are given in Table 1 . 
Heat Transfer Parameters
The total heat loss from the entire stack of cylinders is due to the convection heat transfer and can be calculated as:
Where t A is the total surface area of the stack   The total heat transfer rate can be evaluated by integrating the temperature field over the entire stack surface.
Where n is the outward normal to the cylinder surface 9 The average heat transfer coefficient (h) is thus computed:
The average surface Nusselt number is calculated as:
Rayleigh number based on the characteristic length scale is formulated as:
Numerical Procedures
The governing conservation equations were solved by using the imposed boundary conditions in a finite-volume based Computational Fluid Dynamics (CFD) solver ANSYS-Fluent-15. Steady state with pressure based solver was used for the present work. For the turbulent analysis, the standard k- model was employed for calculating the turbulent eddy viscosity ( T  ) with full buoyancy effect. Scalable wall function was implemented as near wall treatment for the turbulent model. In the present study, for coupling the pressure-velocity terms, SIMPLE algorithm was employed which was found to be the most stable one. Body force weighted scheme has been implemented for the discretization of pressure.
For the discretization of the convective terms in momentum and energy equations along with the turbulent kinetic energy and turbulent dissipation rate, initially, First Order Upwind scheme was used for a trial convergence and for the more accurate result we shifted over to Second Order after the initial convergence was obtained. For a smooth convergence, the convergence criteria for energy equation was set to 10 -6 and for all other equations, it was set to 10 -4 . The under-relaxation factors used for convergence in the present simulation are shown in Table. 2. After getting a converged solution, both domain independence and grid independence tests were carried out for the final results. 
Grid Distributions
For the numerical study, in order to solve the governing equations, it is necessary to discretize the computational domain into a number of grid points. Figure 3 shows the grid distribution in the domain.
In the present numerical study, a symmetry of the flow can be anticipated from the geometry about the longitudinal plane of the stack. Hence, a plane-symmetry boundary condition has been imposed for numerical simulations to reduce the computational resources. Near the cylinder walls, the gradient of field properties would vary drastically. Hence, very fine cells are provided near the cylinder walls by unstructured tetrahedral cells in order to capture the velocity and temperature distributions adjacent to the wall whereas, relatively coarser mesh is provided far away from the stack by structured hexahedral cells as shown in Figure 3 . For solving in turbulent regime, the first cell height (y*) has been maintained in the log-law region by using scalable wall function (y* >11.225).
Domain Independence Test
In order to make sure that the numerical results remain independent of the computational size of the unconfined domain, a domain-independent study was carried out in the present study for the extreme case of long cylinders (L/D=20) in laminar regime of Ra=10 8 . At the same time, this domain independence test also keeps the requisite numerical resources at an optimal level. The length of the computational domain was fixed at (Z=L+4LC), which would be more than sufficient for the present study according to our past experience. The width and height of the domain were varied to different LC as per Table 3 . From Table 3 it can be concluded that the width and the height can be fixed to (W=4×LC) and (H=12×LC), respectively since the intended quantity (Nu) does not change substantially (within 1%) after this. 
Grid Independence Test
A Grid independence test was conducted to ensure that the computations remain independent of the grid size. 
Results and Discussion
Model Validation
To check the accuracy and suitability of the numerical methodology used in the present computations, we have validated with prior existing experimental and numerical results for a 2D single solid horizontal cylinder suspended in air by performing some special numerical simulations. Figure 5( [26] , and Kuhen and Goldstein [4] by manifesting the variation of local Nu over the surface of the horizontal cylinder with circumferential angle as shown in Figure 5 (b). The special simulation result for a single solid cylinder in air matches fairly well with the preceding reported literature with a maximum of 2% deviation. Hence, we have gained enough confidence in our present numerical methodology which would predict much accurate results for natural convection. at high L/D. With increase in Ra, the average surface Nu increases for all the cases in the present study due to the buoyancy effect becoming stronger with increased Ra. When the flow is turbulent, the average Nu is much higher compared to that at laminar flow. Figure 7 shows a comparison between different stacks in both laminar and turbulent regimes. In both laminar as well as turbulent flows, the average Nu for the stack of three-cylinders is seen to be moderately higher than the stack of sixcylinders followed by ten-cylinders due to more exposed surface area to ambient air for the stack of three-cylinders resulting in higher heat transfer coefficient compared to the stack of six and tencylinders.
Effect on average Nusselt number
Effect on total heat loss
The variation of heat loss with L/D can be seen in Figure 8 for different Ra. The total heat loss is found to increase with an increase in L/D of the solid cylinders due to the increase in heat transfer surface area of the stacks. It can also be found that as Ra increases, the total convective heat transfer rate increases exponentially in both laminar as well as in turbulent regimes. When Ra increases, the strength of the buoyancy effect becomes stronger which helps to remove more heat from the surface of the cylinders. The buoyancy plume is predicted to be stronger in turbulent regime compared to laminar regime which can be seen from the thermal plume structure in Figure 11 and Figure 12 . Although the characteristic length scales of all the three type of stacks are same, the diameter of the cylinders for different stacks are considered to be different in order to fix this characteristic length scale (can be found from Table 1 ). Hence, for a particular L/D, the length of the cylinders in the stack of threecylinders is quite longer than the stack of six-cylinders followed by the stack of ten-cylinders. For this reason, it can be seen from Figure 8 that with an increase in L/D, heat loss from the stack of threecylinders is marginally higher compared to the stack of six or ten-cylinders.
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A comparison with 2D results
In the present work, an attempt was made to justify the 2D numerical simulations of Rath and Dash 
A Comparison with a Stack of hollow Cylinders:
In the present study, an attempt has also been made to compare the present results (stack of solid cylinders) with the numerical results of Rath and Dash [20] for a stack of hollow cylinders. Figure 11 shows 
Effect of Ra on Thermal Plume
The contours of static temperature around the stack of solid cylinders are shown in Figure 12 as a function of Ra in the laminar range (10 4 ≤ Ra ≤ 10 8 ). It also shows a comparative analysis of the thermal plume in different cross-sectional planes of the stack which has never been seen in any of the literature so far. In Figure 12 , column 1 and 2 shows the transverse cross-sectional plane at the end and middle of the cylinders, respectively. Whereas, column 3 shows the longitudinal plane in the middle of the stack. At low Ra (Ra=10 4 ), the thermo-buoyant plume is seen to be quite thick around the stack and when Ra increases, owing to the stronger buoyancy-driven flow over the stacks, the thermal boundary layer gradually becoming thinner. It can also be noticed that at low Ra, heat removal from the internal gaps of the cylinder stack is poor since the temperature plume looks to be thicker. Whereas, when Ra increases, the gaps between the cylinders try to cool down gradually (heat removal becomes better) from the flat-end towards the inside of the stack. The thermal plume at the end plane shows higher temperature above the stack compared to the plume at the mid-cross-sectional plane. The end planes of the cylinders receive air flow from radial as well as from the longitudinal direction and hence more heat lost to the air so the air temperature above the stack remains higher compared to the mid-crosssectional plane where heat is lost to ambient air coming only from the radial direction. These thermobuoyant plume structures at different cross-sectional planes look to be very interesting and many physical insights can be drawn from such pictorial views. Figure 13 shows the temperature contours for all the three types of stacks as a function of Ra in turbulent regime. It can be noticed that at low Ra of 10 10 , the temperature plume is thick compared to high Ra in turbulent regime but it is significantly thin compared to any high Ra of the laminar regime.
The thicker temperature plume at low Ra results in less heat transfer to ambient air compared to a high
Ra. In addition, the core of the thermal plume (above the stack) is seen to be much cooler at high Ra.
Hence, Nu is found to be comparatively low in laminar flow compared to that of turbulent flow. 
Effect of L/D on Thermal Plume
The effect of L/D of the solid cylinders on thermal plume is shown in Figure 14 at Ra=10 6 for a stack of three cylinders. It can be seen from the transverse cross-sections that the thermal boundary layer around the stack is very thin at the end of the cylinders and gradually becoming thicker towards inside mid-section of the cylinders for low L/D of 0.5. The thermal plume just above the stack is quite hot at the end cross-sectional plane compared to the mid-cross-sectional plane. This is because of the edge effect of the solid cylinders due to which more heat is lost to the ambient air causing the thermal plume to be hotter above the stack. It can also be seen from Figure 14 
Effect of L/D on Flow Field
The velocity vectors on the longitudinal cross-sectional plane of a stack of three-cylinders are shown in Figure 15 for varying L/D at Ra=10 4 . As the bottom surface of the domain is adiabatic, it can be seen that the surroundings quiescent air is drawn towards the stack only from the side faces of the domain and the plume rises up towards the top of the domain due to the buoyancy effect by taking heat from the heated solid cylinders. Due to the no-slip wall boundary condition, the tangential velocity is found to be zero over the cylinder surfaces and the growth of the velocity boundary layer can be seen when we move away from the cylinder surfaces. The magnitude of the velocity can be seen to be higher in the core of the buoyant plume for all the cases in this present study. With an increase in L/D, the thickness of the flow plume increases along the longitudinal plane. It can also be seen from Figure 15 that for a particular Ra, the velocity boundary layer at the flat end of the cylinder is almost same for the stack and coming out through the gaps. As predicted from the temperature contours in Figure 14 , for low L/D, the flow plume is able to reach to the mid-section of the stack through the gaps and removes heat from the heated surfaces of the cylinders. Whereas for high L/D, it is not able to reach to the mid-section, it only takes heat from very small lengths in the gaps from the flat end faces. Figure 16 shows the velocity vector around the stack of three-cylinders as a function of Ra for L/D=2.
Effect of Ra on Flow Field
At low Ra, more fluid levitates from the bottom and flows vertically upward by sliding over the stack of cylinders whereas, at high Ra, the strength of the buoyancy increases and more fluid draws from both sides of the stack. In addition, at high Ra, the plume velocity near the stack surface is found to be higher compared to that of low Ra, which can be seen from the velocity scale attached to each picture. It can be marked that the velocity boundary layer thickness is quite thick at low Ra of 10 4 and gradually becoming thinner around the cylinders when Ra increases, which can happen in both laminar as well as in turbulent regimes. It can also be noticed that at high Ra the rising flow glides fast over the cylinder surface and can't roll down the curved surface of the cylinder well due to its high velocity, whereas at low Ra the attachment of the flow plume and the rolling of the plume over the curved surface occurs very smoothly. From Figure 16 it can be concluded that the velocity of flow increases with increase in Ra resulting in more heat loss from the cylinders, which was already predicted from the temperature contours discussed in section 3.6. 
Nusselt Number Correlation
An empirical correlation has been developed in the present study for the average Nu by performing a non-linear regression analysis of the numerical results, which would be useful to the engineers for industrial calculations. In the present numerical analysis, as Nu is a function of Ra and L/D so the functional relationship can be expressed as:
The correlating equation (24) 
Where, C0, C1, C2, C3 and n1, n2, n3, n4 are the correlation constants given in Table 4 . Figure 17 shows the computed and the predicted values of Nu for a stack of ten-cylinders in both laminar and turbulent flow regimes. A clear agreement of all the data points is seen within the accuracy range of (± 8%) where the coefficient of correlation (R 2 ) was found to be above 0.99 for all the cases. Similar plots were also obtained for the stacks of three and six-cylinders which are not shown here for the sake of brevity. 
Conclusions
In this work, a numerical study has been performed to investigate the cooling of a stack of heated (b) For all type of stacks, the total heat loss was found to increase significantly with increase in Ra and L/D, owing to increase in the strength of buoyancy and heat transfer surface area, respectively.
(c) For the entire range of Ra and L/D considered in the present study, the average Nu and the total heat transfer were found to be higher for the stack of three-cylinders compared to the stack of sixcylinders followed by ten-cylinders. 
